Mathematics (Hons.) Paper-VIll (Fun.Anal.)

Answer any five questions. LNMUonline.com

1. (a) Define ‘norm’ on a linear space E. Prove that every normed linear space Eis a
metric space with respect to the metric d defined by d (x, y) =||x~y || for all x, y
€ E.
(b) Prove that vector addition is a continuous function in the context of normed
linear space.

2. Prove that the set Cn of all n-tuples z = (zl, 22, ....... 2n) of complex numbers is a
complex Branch space if we define for

2=(21. 22 e ) W= (W, wa, ..o wy) € C'and L € C,
(20,220 e 20) + (Wi, w2, L, w) = (21 + W), 22+ W2, s, Zn + Wa)

it - v-’
Az o ey Zn) = (A 21, A3, e, Azp and|| z]| = (F_}:,r] as norm of z.
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3. (a) State and prove Minkowski’s Inequality.
(b) Construct a metric space which is not a normed linear sme:E- )

4. (a) A linear transformation T from a normed linear space E imnto a normed linear
space F is continuous iff it is continuous at the origin. _ :
(b) A linear transformation T from a normed linear space E tnto a nmm?# lincar
space F is continuous iff T is bounded in the sense that there eXists a postlive rea]
number m such that: || T (x) || €m| x|| forall.x € E.

5. Prove that dual space of every normed linear space is a Branch space.

6. (a)State and prove the Lemma of F. Ries z.
(b) Prove that conjugate space of |p is |g .

7. (a) Define Hilbert Space R”. Prove that real linear space Rn is a Hilbert space with

n
respect to inner product defined by (x, y) = Z x; yi for
' i=1 .
{x1, X2, cooces X0}y ¥ (¥1, ¥2, ..orr ¥n) Of R0 LNMUonline.com
(b) Prove that inner product function is jointly continuous.
8. (a) State and prove Cauchy-Schwartz inequality in a Hilbert space.
(b) State and prove Polarisation identity in a Hilbert space.
9. (a) Prove that a sphere in a normed linear space is a convex sct.
(b) Prove that inlersection of any family of convex sets is a convex set but union of
two convex sets may not be a convex set.
10. State and prove Projection theorem in a Hilbent space.
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